Introduction
In many high-resolution vehicular or airborne imaging systems and in robotic systems, despite the use of high-quality sensors, resolution is limited by image motion and, as a result, the high-resolution capability of the sensor may be wasted. One of the important factors that affect the performance of reconnaissance systems is sensor angular velocities during image recording. The primary contributors to these unwanted angular velocities are 1 . velocity of the aircraft relative to the earth 2. low-frequency aircraft angular motions 3 . vibration-induced angular velocities.
In normal reconnaissance and robotics, the sensor moves during the exposure. Some of the resulting image motion can be removed, but not all of it. The residual motion blurs the image, and usually this blur becomes the limiting factor for many high-quality imaging systems.
It is quite useful and important to be able to model the expected image degradation as part of system analysis. As a result of such analysis, one can make system design much more cost-effective; it makes no sense, for example, to utilize an expensive, high-resolution sensor in a situation where vibrational blur limits image quality to resolution Paper 06011 received Jan. 3, 1991 ; revised manuscript received Aug. 15, 1991; accepted for publication Aug. 20, 1991.
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Abstract. Low-frequency mechanical vibrations are a significant problem in robotics, machine vision, and practical reconnaissance where primary image vibrations involve random process blur radii. They cannot be described by an analytical MTF. A method of numerical calculation of MTF, relevant in principle to any type of image motion, is presented. It is demonstrated here for linear, high, and low vibration frequencies. The method yields the expected closed form solutions for linear and high-frequency motion. The low-vibration-frequency situation involves random process blur radii and MTFs that can only be handled statistically since no closed form solution is possible. This is illustrated here. Comparisons are made to a closed form approximate MTF solution suggested previously for lowfrequency motion. Agreement between that analytical approximation and exact MTF calculated numerically is generally good, especially for relatively large and linear motion blur radius situations. For nonlinear short exposure motion, MTF levels off at relatively high nonzero values and never approaches zero. Such situations yield a two-fold benefit: (1) larger spatial frequency bandwidth and (2) higher MTF values at all spatial frequencies since MTF does not approach zero. The low-vibration-frequency situation is complex because, as demonstrated below, the blur radius is a random process. In imaging system design, modulation transfer function (MTF) is a convenient engineering tool. The overall system MTF is generally limited by the MTF of the weakest link. In systems involving image vibration or motion, this weakest link is often the blur caused by the image vibration or motion, rather than that resulting from optical or electronic components. The formulation of such image blur into an MTF-type format is thus very convenient for system design and system analysis purposes, and is the subject of this paper. Image motion can take many forms. Here, numerical calculation of MTFs to describe image quality will be considered for uniform linear motion, sinusoidal vibrations at high vibration frequencies, and sinusoidal vibrations at low vibration frequencies. The analysis presented here is most pertinent to photographic or those types of CCD systems where all picture elements are exposed simultaneously. The decrease of MTF with increasing spatial frequency signifies contrast degradation at higher spatial frequencies. At some relatively high spatial frequency, system MTF has decreased to such a low value of contrast that it is below the threshold contrast function of the observer or machine at the output. This means that such high-spatial-frequency content of the image cannot be resolved by the observer because of the poor contrast. The spatial frequency at which system MTF is just equal to the threshold contrast of the observer or machine defines the maximum useful spatial frequency content of the system, called here f,-max.
The existence of MTF for frequencies beyond the cutoff frequency is sometimes referred to as spurious or false resolution.1 This is an interesting phenomenon because it suggests, falsely, that blur radius is smaller than actual blur radius.
Image motion and the resulting blur arise because of relative movement between the object or scene and the viewing system. This system may result from translational velocity or vibrations or both.
MTF of Linear Motion
Degradation of image quality as a result of motion in the image plane can take several forms. For example, if motion is linear at a constant velocity V in the image plane, then for an exposure time te resulting noncircular blur radius d in that direction is of spatial extent Vte. In order to find the modulation transfer function for this image motion, we need to know the modulation of the intensity pattern of the image and of the object. As a simple mathematical model, an image with a sinusoidal luminance pattern, i(x) = Bo + Bm cos2'rrfx(t) will be considered, where f is spatial frequency, x(t) is the motion function for spatial coordinate x, and B0 and Bm are constant.
The modulation contrast (MC) of the image without motion is thus and the modulation contrast function (MCF), which here is also sine wave response or MTF, is, by virtue of Eqs. (2) and (6),
MC0
wherefis the spatial frequency.2 Note that this goes to zero whenfVte 1 . This is the point at which the image blur Vte equals the reciprocal of the spatial frequency frrnax. Spatial frequencies higher than (Vte) are analogous to blur radii smaller than Vte in the spatial domain. Since such blur radii would be smaller than the actual minimum blur radius , they and spatial frequencies higher thanf,.ax cannot exist. These high spatial frequencies are an example of ' 'false resolu-
MTF of Sinusoidal Motion
The sinusoidal image motion is important in aircraft and vehicles because of turbines and motors that give rise to mechanical vibrations. In robotics and machine vision, linear motion is almost always accompanied by vibrations that are often close to being sinusoidal. The sinusoidal motion can be prevented in principle by proper design; in practice, however, it is often the most serious source ofimage motion.
The problem is much more prevalent and serious in aircraft than in spacecraft because of large rotating turbines, (1) motors , and generators . The structures also vibrate because of buffeting by airstreams. These motions can be minimized by using vibration isolators or gyro-stabilized camera platrm1 The vibration amplitudes in damped or stabilized systems are of very low amplitude, although not low enough so as not to impair resolution.
Degradation of image quality as a result of sinusoidal motion depends on the ratio of exposure time te to the period (2) of the sinusoidal motion T0. In this case, it is necessary to distinguish two categories:
1 . high-frequency vibration, where the exposure period (3) is long compared to the period of the simple harmonic motion (te>T0) 2. low-frequency vibration, where the exposure period is short compared to this period (te<T0).
Quantification of the low-frequency vibrational image blur radius d is much more complicated, however, because it depends on the initial phase of the oscillatory motion as well as on the instant and duration of the time exposure, both of which are often random processes.
High-frequency vibrations
The case of relatively high-frequency oscillatory motion is that depends on the time instant t, as seen in Fig. 1(a) .
The MTF approximation3 is sinc('rrfd).
3 Numerical Analysis of Image Motion MTF As shown above, degradation of image quality as a result of image motion can be described by an MTF. The MTF for sinusoidal vibration at low vibration frequencies has not been examined previous to Ref. 3 . Characterizing this lowfrequency random process analytically is complicated. For each t there is a different blur radius and MTF curve, even for constant te . In this paper, low-vibration-frequency MTFs are obtained via the same conceptual method as that for Eqs. (1) and (2) but with a numerical solution because of the complexity. The MTF is obtained here as a function of relative exposure time te/T and the blur radius d. Each MTF is compared to the analytical sinc(iifd) function approximation3 with the corresponding blur radius. The MTF for each t is different. The following examination is for single and second harmonic low-frequency vibrations . In the latter case, image motion and blur radius are given in Fig. 1(b) . All the calculations described below were obtamed numerically using a VAX 8300 computer.
Method
The MTF is obtained for each t by moving the time exposure te on the time axis from zero to T0 and computing for each t the appropriate MTF. In each interval te the modulation contrast function (MCF) was obtained by dividing the modulation contrast of the vibrating image by that of the static image. The modulation contrast is calculated via the computer for sinusoidal luminance patterns of varying spatial frequency. Image motion is given by x(t)=xo+f(t) , 
where D is maximum vibration amplitude and the subscript S 15 for sinusoidal motion.
Low-frequency vibrations
This type of image motion is characterized by a relatively long vibrational period T0, which is longer than the time exposure. This means image blur takes place only during a portion of the vibration period rather than during the whole vibration period, as in the previous case. Image blurring at low vibration frequencies (te<T) 5 a random process. In this case, the amount of blur that occurs for a given te depends on when (tx) during the cycle the picture was taken.
The time is random. As seen in Fig. 1(a) , minimum blur occurs when exposure takes place at a vibration extremum, whereas maximum blur occurs when the exposure is centered at x(t) =0. In all cases, the shorter the time exposure, the smaller the blur radius.
Minimum and maximum blur radii are SPATIAL FREQUENCY posure period te can be computed from the integral
where t +t A(t, f) = Xj. The time functions A(t, f) and B(t, f) were computed numerically using a VAX 8300 computer with MATLAB software. Each t during the oscillation period and each spatial frequency f as a parameter yield the MCF for given relative exposure time (teIT). The MCF function was calculated according to vibrating image modulation contrast ('max Imin)/(Imax + 'mm) , and 'max and 'mm were calculated by moving XO from 0 to 1/f and finding the maximum and minimum light intensities in this range. Here, f is varying.
Substituting B0 =Bm = 1 in Eq. (13) yields unity modulation contrast for the static image. As a result, MCF, equal to modulation contrast of the vibrating image divided by that of the static image, is the modulation contrast of the vibrating image. For sinusoidal luminance patterns,
MCF=MTF.
Limiting resolution occurs when the overall system MTF is equal to the threshold contrast required at the output (frrnax).
The above method was used to find the MTF for various kinds of image motion-linear motion and high-and lowfrequency sinusoidal motions.
Linear motion
The MTF function for linear motion [Eq. (7)J was calculated by the same method shown above. The results are exactly the same as the theoretical result. The MTF depends on the blur radius d = Vte . Figure 2 shows MTFs for d =0.5 , 1, and 1 .5 . The theoretical and numerical results are identical.
High-frequency vibration
The MTF for this kind of vibration was calculated for two cases. In the first case, the interval of integration is te = nTo, and in the second, te = (n+ 112)To, where n is an integer number. The purpose is to show that neglect of half a motion period (To) does not influence MTF results because in both cases the blur radius is the peak-to-peak displacement 2D. This results from the fact that te>T0. The results obtained Figure 3 shows the theoretical and numerical results for te 8T0 and te 8 ST0. All graphs are identical. These resuits for linear motion and high vibration frequency support the approach presented here and suggest it is valid for all types of one-dimensional motion, including low vibration frequencies . In looking back to previous experimental results,4 it is clear that despite the randomness of instants of exposure, the experimental results do support the numerical calculation results described below , particularly for small blur radii that pertain to nonlinear motion corresponding to dmin in Fig. 1(a) .
Low-frequency vibration
For low-frequency vibrations, where te<T, the resolution is limited by the blur radius d. Image blurring is a random process so thatfrmax 5 a variable depending on tand limited by lid. The criterion used to findfrmax is shown here. The normalized MTF decreases from zero spatial frequency monotonically with spatial frequency until a break point occurs, denoted here asfri . The frequency at this point was chosen to be frmax• This choice is based on the condition that this frequency is smaller than lid; ffri 5 higher than lid, then frmax lid. This is consistent with the idea that fiax cannot be smaller than actual blur radius. MTF at such high frequencies is defined as false resolution.
An error parameter is defined here as en= (d1 dr') x 100% ,
where dl is the frequency at which sinc('rrfd) is zero for a given t . If this error is negative , then frmax 11.
Results and Discussion
The method for numerically calculating MTFs for all types of image motion presented above shows excellent agreement with closed form MTFs that can be determined analytically for linear and high-mechanical-frequency sinusoidal motion. We now use this method to calculate MTFs for random Hz, te/T00.05, 0.1, and 0.15.
For each relative exposure time te/T only a few graphs are presented from a full series . These include one at mmimum blur radius , another at maximum blur radius , and the average MTF for each te/T0. Each MTF is compared to the sinc('rrfd) function (MTF approximation),3 which is a function of the blur radius d that is shown on the graph above each MTF curve.
Note that throughout, spatial frequency is in units recip- Fig. 7(b) here for dmin. The implication is that spatial detail corresponding to spatial frequency frmax can be seen with good contrast, but spatial detail corresponding to frequencies just above frmax cannot be resolved at all because they relate to blur radii smaller than those that physically exist. For maximum blur radius dmax defined in Eq. (1 1), frmax corresponding to curve d in Figs. 7(c) and 8(c) is minimum [ Fig. 7(d) ]. The blur shape is much more linear with motion and the MTF seems to be very close to zero at frmax• For example, for single frequency vibration te/Tø 0. 1 , the maximum blur radius is O.618,frmax 5 1 .501, and the MTF is equal to 0.0654% at this frequency. This blur seems to be very linear and gives good agreement between actual MTF and the sinc function approximation; MSE is very low. On the other hand, the minimum blur radius is 0.0489, frrnax 5 18.8, and the MTF is equal to 32.37% at this frequency. It appears that if the blur radius is small, there are two benefits: (1) frrnax 5 increased and (2) MTF is higher at all frequencies and, as a result of the nonlinear motion, does not approach zero atfrmax. This means that the motion causing the blur is very important, rather than only the blur radius. This surprising result becomes apparent when the transfer functions due to linear motion blur shape are compared with those due to nonlinear motion blur shape for the same values of blur radius. For example, the same blur radius is given for two cases in Fig. 9 , but d2 is more linear so its MTF is much closer to the sinc('rrfd) approximation. On the other hand, the motion giving rise to the blur radius Fig. 9 is very nonlinear, and its MTF is much higher than the sinc(irfd) approximation. This result has been suggested previously on the basis of theoretical considerations .
In all cases, the MTF due to nonlinear motion blur shape is equal to or greater than that due to linear motion blur shape.
The graphs of the average MTF were computed for a specific te/T0 and compared to the sincQrrfd) approximation for average blur radius d. The average blur radius d increases with te/T, andfrm therefore decreases. Also, it seems that agreement with the sinc('rrfd) approximation improves as te/Tø increases (Figs. 4 through 6) .
For two frequency vibrations, the results seem to be very similar to single frequency vibrations. The comparison between them is given in Table 1 . Since d is constant in Table  1 , increasing relative exposure te/T implies greater nonlinearity of motion, i.e. , exposure takes place near an extremum of the sine wave motion. Consequently, MTF atfrmax increases.
A very important practical conclusion that can be drawn from has also been shown experimentally4 to be much more accurate for small blur radii than the Bessel function expression, Eq. (9), which is often used by optical engineers.I 3. high level of contrast, thereby improving resolution and image quality considerably. These surprising numerical calculation results for small blur radii actually agree with experimental results obtained previously in Fig. 5 of Ref. 4, where as d decreases , the experimental MTF curves resemble more and more the numerical calculations for shown here in Fig. 7(b) . The methods and approach presented here can be quite useful for calculating MTFs of all types of image motion. This research can be very useful in image processing and reconstruction as well as in imaging system design and analysis.
